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Abstract. The infinite-dimensional Abelian group of general Bicklund-Calogero transfor-
mations is constructed for the evolution equations which can be integrated by Gelfand-
Dikij-Zakharov-Shabat spectral problem of an arbitrary order. The structure of the
recursion operator and transformation properties of the Bicklund-Calogero transforma-
tions under the gauge group are considered.

1. Introduction

The inverse scattering transform (1sT) method is a powerful tool for the investigation
of the nonlinear differential equations (see e.g. [1-4]). The main idea of the 1sT method
consists in the mapping of the nonlinear evolution law of certain functions due to the
nonlinear evolution equation into the linear (therefore, easily integrable) evolution
law of the spectral data of the appropriate linear operator. Using the equations which
solve the inverse problem (reconstruction of potential through the spectral data) one
can solve, in principle, the Cauchy problem, find the infinite families of exact solutions
(soliton type solitons) etc for the initial nonlinear evolution equation. Numerous
partial differential and integro-differential equations have been investigated by this
method [1-4].

One of the main problems of the isT method is to describe effectively the class of
nonlinear equations to which this method is applicable and analyse their group-
theoretical structure. There exist different approaches to this problem. Historically
the first method was the method of Lax pairs, i.e. the representation of the nonlinear
equation in the Lax form 9L/3t=[L, A]. The other methods are the dressing method
of Zakharov and Shabat, the UV scheme of Zakharov and Mikhailov and lastly, the
representation of nonlinear evolution equation as the commutativity condition
[T, T;]=0 of the pair of linear operators T; and T, (see e.g. [1-3]).

A very simple and elegant method of describing the nonlinear equations integrable
by the 2 X2 matrix spectral problem was proposed by Ablowitz, Kaup, Newell and
Segur [S]. The idea of this approach consists in the calculation of so-called recursion
operators starting from the given spectral problem. Then using the recursion operator
and the dispersion function one can describe explicitly the whole infinite family of
nonlinear evolution equations integrable by a given spectral problem. The advantage
of the method proposed by Ablowitz et al [5] (AKNs method) in comparison with the
Lax-pair method, and with UV scheme etc is that it allows us to find the general form
of nonlinear equations connected with the given spectral problem in a compact and
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convenient form and to calculate the infinite-dimensional group of general Backlund
transformations for these equations. The Akns method has been generalised to a
number of different spectral problems [6-15]. The recursion operator plays a central
role in this method and the explicit calculations of this operator is the principal problem
of the AxNs method.

In the present paper we consider the general Gelfand-Dikij-Zakharov-Shabat
spectral problem, i.e. the general Nth-order spectral problem:

AN+ Vo (x, )3V .+ Vix, 1)a+ Vi(x, )= ANy (1.1)
where 3=48/9x, A is a spectral parameter and Vy(x,t), Vi(x,t),..., Vy_i(x,t) are
scalar functions such that Vi (x, t) v 0(K=0,1,..., N—1) in the framework of

the AKNs method. Within the framew<)>rk of the 1sT method, the spectral problem (1.1)
has been considered by Zakharov and Shabat [16] for the first time. This problem and
the associated evolution equations have been investigated using another technique by
Gelfand and Dikij [17].

In the present paper we construct the infinite-dimensional group of general Back-
lund transformations of the potentials for the spectral problem (1.1)—the so-called
Bicklund-Calogero (Bc) group. In order to define the action of this BC group on the
manifold of potentials { V(x, t); V£ (V,, Vi, ..., Va-1)"} one must calculate the recur-
sion operator. The principal equation for this purpose is of the form A ¥y (A) = Fy(A),
where ¥ and F are certain N x N matrix differential operators and y is a column
with N components. The main feature of this equation is that the rank of matrix ¥
is N —1 and therefore the equation A Y4y = Fx contains a constraint =, [ xx =0.

The standard way to deal with the constraint 51—, Lxx = 0 is to solve it, for example,
with respect to yn and to introduce the quantity X<~> (xl,...,xN 1, 0)T which
contains only independent variables. As a result, one obtainsa (N —1) X (N — 1) matrix
recursion operator A 5 which acts on the space of independent variables xny: Anx(nv) =
A™x(~n)- The case Vi _, =0 was considered by us [14].

The second way of dealing with the constraint ., L x« =0 is not to solve it at all
and define an action of the recursion operator A on the whole N-dimensional space
of all components x, ..., x~: Ax = A Vx. One can introduce such a recursion operator
but it is not defined uniquely. The uncertainty which appears in the calculation of
such a recursion operator can be effectively described. With the use of this recursion
operator A the action V- V' of a Bc group on the manifold of potentials is given by
the relation

N-1

kg B (A", NIV =M V)= (A, DT =0 (1.2)

where By(A",t), f(A",t) are arbitrary functions complete on A*; ¥}, #L, I" are
certain operators and ¢(x, t) is an arbitrary scalar function. The infinite-dimensional
Abelian group of transformations (1.2) plays an important role in the analysis of the
group theoretical properties of nonlinear evolution equations integrable by the problem
(1.1).

In this paper the transformation properties of (1.2) under the gauge transformations
which conserve (1.1) are considered. It is shown that the whole uncertainty which
appears in the construction of transformations (1.2) is of a pure gauge nature. A
manifestly gauge invariant for transformations (1.2) is also given.

The paper is organised as follows. In § 2 a group of the gauge transformations
which preserve (1.1) is considered. The gauge invariants are calculated. In § 3 a direct
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scattering problem for (1.1) is discussed and some important relations are obtained.
In § 4 the recursion operator is calculated. The BC group is constructed in § 5. In § 6
the transformation properties of (1.2) under gauge transformations are considered and
the manifestly gauge invariant part of (1.2) is obtained. The general form of nonlinear
equations integrable by the problem (1.1) is calculated in § 7. Examples of transforma-
tions (1.2) for the case N =2 are given in § 8.

2. The gauge group

The spectral problem (1.1), as it is easy to see, is invariant under the transformations

G(x, 4, ) > d(x, 6, A)=g(x, DY(x, 1, A),
(2.1)

. N-k
Vilx )= Vilx ) =8(x 1) X ChraVien(x, 1037 (1/g(x, 1)

where g(x,t) is any differentiable function such that g(x, f) » .- ! and Ck=
n!/(n—k)!'k!. The transformations (2.1) form an infinite-dimensional Abelian group
of gauge transformations for the problem (1.1). This group is the subgroup of the
general gauge transformations group which was discussed in [18, 19].

It is clear that there exist N —1 independent functions

WO(V05 cevy VN—I)s WI(V01' < VN—1)7' st WN—Z(VO,' ] VN—])

which are invariant under the gauge transformations (2.1) i.e. the functions such that
Wi Vo, ..y Vo) = Wi Vo, ..., Vaoy), (k=0,1,..., N=2). An explicit form of the
invariants W,, W, ..., Wy _, can be found directly from (2.1) by excluding the function
g(x, t). For our purpose the following set of the invariants is convenient [20, 24]:

1 Nzk 1 n—1
W= Vk—ﬁ Z, Clen Vk+n(a—ﬁ VN—I) Vaon, (k=0,...,N=2). (2.2)

1

The gauge invariance of the problem (1.1) allows us to impose additional constraints
(gauge conditions) on the potentials V,, V,, ..., Vy_,. For example, one can transform
any linear superposition 2{_¢ a,Vi(x, t) into zero and, in particular, any (but only
one) potential Vj into zero by an appropriate gauge transformation. We will shortly
refer to the gauge condition as the gauge. The transition from one gauge to another
one is performed by a certain gauge transformation.

For the further purposes it is convenient to represent the spectral problem (1.1) in
the well known matrix Frobenius form

dF/3x=(A+ P(x, t))F, (2.3)
where F=(¢,a4,...,8" '¢)T and
0 1 0 ... 0

o o0 1 ... 0 0 0 0
A= , P= . (2.4)
0 0 0 1 0 o ... 0
‘_Vo, _Vl e _VN—l
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The gauge transformations (2.1) have now the form

F>F=GF,P>P=G(A+P)G'-A+(3G)G™" (2.5)
where Gy =Ct 9" *g(x, 1), i=k; Gy, =0, i<k By introducing the N-component
column V& (V,, V,,..., Vn_,)T, one can represent the gauge transformation (2.5) in
the form

Vo V=1(g)V+¥(g) (2.6)

where 7(g)=g(G")™" and ¥, (g)=Ckgo™ *(1/g), (k=0,..., N—1).
Using the explicit form of r(g) and ¥(g), it is not difficult to show that

7(82)7(8)) = 7(8281), V(g:182) =7(8) V(g + V(g) 2.7

i.e. that the transformations (2.6) indeed form a group.
The form (2.6) of the gauge transformations (2.1) is useful for many purposes. For
example, the invariants can be written in the form

W=r(pHV+¥(™ (2.8)

where WX (W,,..., Wn_,,0)7 and j(x, t) =exp(—(1/N) [*dx’ Vy_,(x', 1)). Then
the potentials V, can be represented as the functions on invariants W, and ‘gauge’
variable p(x, t)

Vix, t)=7(p) W+ Y (p). (2.9)

3. Direct scattering problem and some important relations

We will study the problem (1.1) in the form (2.3). We assume that V,(x, ¢)->0 at
|x| = co so fast that all integrals which will appear in our calculations will exist.

We introduce, in a standard manner [1-3], the fundamental matrix solutions
F¥(x,1,A), F(x,t,A) of the problem (2.3) given by their asymptotic behaviour

F7(x,4,4) — E(x, ), F(x,4,A) = E(x,A) (3.1)

where E(x,A) = D(Ar) exp(Ax) is the fundamental matrix solution of the equatlon
3E/ox = AE, where A is the diagonal matrix: Ay =Agq' '8y, Dyx=N""*Ag*"" "),
(i,k=1,. N) and g =exp(27i/ N). Here and below 8, is Kronecker symbol (8, =
o i=h. Let us note that Ag' ™!, (i=1,..., N) are eigenvalues of matrix A, by definition
and A= DAD™".

In a standard manner we introduce the scattering matrix S(A, t): F'(x, 4, A)=
F~(x,t,A)S(A, 1),

Let P(x, t) and P'(x, t) be two dlﬁerent potentials and F*, F*', S, S’ be correspond-
ing solutions and scattering matrices for (2.3). One can show that

+©
S'(A, 1) =S(A, 1) = —I dx(F7(x, 4, A)) 7' (P'(x, 1) = P(x, 1))(F"(x, 4, A))". (3.2)
Formula (3.2) which relates a variation of the potential to those of the scattering
matrix plays a fundamental role in the AKNs method.
The mapping P - S(A, t) given by the spectral problem (2.3) establish a correspon-
dence between the transformations P ->ZP' on the manifold of potentials
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{P(x,t), P(x, t) > x-x0} and the transformations S >2S' on the manifold of the
scattering matrices {S(A, 1)}.
We will consider only transformations B such that

S(A, )= SN, )=B7'(A, )S(A, HC(A, 1) (3.3)

where B(A, t) and C(A, t) are arbitrary diagonal matrices (i.e. By = Bi(A, 1), Cy =
Ci(A, )6y, i, k=1,..., N). We confine ourselves to transformations of the form (3.3)
for two reasons: (1) the linearity of the transformation law (and, therefore, its ready
integrability) of the scattering matrix is the principal idea of the 1ST method (see e.g.
(1-4]) and (2) the generalised AkNs technique allows us to construct, in an explicit
form, the transformations of the potentials P - P’ which correspond to the transforma-
tions of the scattering matrix of the form (3.3).

Let us rewrite the transformation law (3.3) in the form §'-S=(1-B)S'-S(1-C).
From the comparison of it with (3.2) we find

~+oo

(S—I(I—B)S)F=_I dx((F)™'(P'=P)(F"))e (3.4)
where for arbitrary matrix ® we denote by ® the off-diagonal part of matrix ®: (dg)y =
D,y — Db, (i, k=1,..., N). Furthermore, it is not difficult to justify that the following
identity holds

+00

(87'(A, (1= B(A, 1)S'(A, )= J dx{(F7(x, £, 1)) "(P(x, )(1 - B(A™, 1))

—(L=BQAN, ))P'(x, )(F7(x, ,A)'}¢ (3.5)

where B(A™, t)= DB(A, t)D~'. Equating the left- and right-hand sides of equations
(3.4) and (3.5) we obtain

J- ) dx Tr(B(A™, t)P'(x, t) — P(x, t)B(A ™, t))g(F’(x, LA)=0 (3.6)

-0

++
where Tr denotes the matrix trace. The quantity ® is the tensor product (F*)' and

++
F+:'(¢(ik))lm d=€f(F+);k(F+);':’ (’9 ,_(, 19 m= 15 ey N)‘ _

Since all elements of matrix A are different, matrices B and B= D 'BD can be
represented (see [21]) in the forms:

N-1 _ N-1 _
B(AN’ t) = Z Bk(AN, t)Aka B(A: t) = Z Bk(AN9 t)Ak
k=0 k=0

where B, (A", t) are scalar functions. Using these expressions one can rewrite (3.6) in
the form

<:’2=—;; (A (AN)P' = PA*(AN))B. (AN, z)g“”>=0 3.7)

where (®) &F {7 dx Tr(®(x)).

The equality (3.7) is the fundamental relation between P(x,t), P’(x,¢t) and
F*(x,t,A), F™'(x,t,A) under transformations (3.3) of the scattering matrix. This
equality contains the quantities A*(A™), B,(A™, 1), (k=0,..., N —1) which explicitly
depends on spectral parameter A™. The next step (which is standard for the AKNs
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technique) consists in the converting of the relation (3.7) into the form which does
not contain explicit dependence on A™. In order to do this one must calculate the
so-called recursion operator.

4. Recursion operator

So it is necessary to be able to exclude the explicit dependence on A" in expressions
++
of the form (A*(AM)P'= PA*(AN)B,(AN, ) @7, (k=0,1,..., N=1) in (3.7). This
can be done with the use of a recursion operator. Let us calculate it. Using equation
(2.3) and equation 9F '/9x=—-F '(A+ P), one can show that ® ‘™ satisfies the
equation
++ + o ++
3" (x, 1,1)/ox =[A4, "1+ PO - d P (4.1)
By virtue of the special forms of the matrices A and P(x, t), all matrix elements of
++ ++
& can be expressed through N matrix elements (&™), (k=1,..., N) [14,
20].
Let us introduce the operation A, of projection onto the column of the matrix:

Dy ( Py )u=Pubu, (,1=1,..., N). With the use of (4.1) and explicit forms of A
and P one gets [14, 20]:

@m(éANo m)=/\N(.DAN (4'2)

0

where P=0—-A+P'(x, 1), (P V,)u £ ®, V.. Then it is not difficult to show that the
operator ?™ is linear on A ™

3
i Mz

Pm=AMr,+S,, m=0,1,..., N. (4.3)
Substituting (4.3) into (4.2), we obtain
A o
ANGDLI(N) = FDLV (1) (4.4)
where
N N
§= Z rmvm"l, ,_"7:—2 Sm Vim (45)
m=0 m=0

where Vy =1.

With the use of equations (2.4), (4.3) and (4.5), one can show that the matrix
operator ¥ is a lower triangular one:

0 0 0o ... 0 0
%, 0 o ... 0 0
§= ces (4.6)
4G % 0o ... 0 0
Y1 Gn: Gns oo Gana O
where §,;,_,=—No+ Vy_ - Vi_,(i=1,2,..., N); 4, =0, k> iand all the rest matrix

elements of ¥ are more complicated. The elements of the first line of the matrix
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operators s, are:

(sihi=Ci (=)', I=1,..., k+1;
(Sk)11=0, l=k+2,...,N; k= ,...,N"l. (4.7)
(sn)u=CR'(=a)N"'"'=Vi, I=1,...,N.

Therefore the matrix operator ¥ is a degenerate one. As a result, the first equation
++

(4.4) is a relation between ®,n, (k=1,..., N) which does not contains A", i.e. the
constraint. The expression for this constraint can be obtained with the use of (4.7):

LD =0 (4.8)
k=1
where
N—k+1
k=- % Ciino1 (=) Visnor — Ve t Vi, (4.9)
n=1

The degeneracy of the matrix operator ¢ (its rank is N —1) and the existence of
the constraint (4.8) are the fundamental properties of equation (4.4) which serves for
the calculation of the recursion operator. Such a situation is a typical one for AKNs
method [5-15].

There are two ways to deal with the constraint (4.8).

(1) The first way is to solve equation (4.8) with respect to one of the components
++

EDkN, (k=1,..., N) and to calculate the recursion operator which acts on the space
of (N —1)-independent variables; (2) the second way is to not solve the constraint
(4.8) and to define an action of the recursion operator on the whole N-dimensional
space of all components &,5, (k=1,..., N).

Usually only the first (standard) way of solving the constraint was used in the
framework of AkNs method for different spectral problems [5-15] and also for the
problem (1.1) [15]. In the present paper we will follow the second way of dealing
with constraint. Let us calculate the recursion operator which acts on the N-

++
dimensional space of all components @, (k=1,..., N).
Let us denote

(Ea)ik =0y~ 5icx6kcx’

. . (4.10)
X=(X1,-~-,XN)Td=ef(‘i’|N,---,&’NN)T, X = Ex
and introduce the operator M with the following matrix elements
My =8y — 6indw L, (i,k=1,...,N). (4.11)
By virtue of (4.6), equation (4.4) is equivalent to the equation
ANGy = E, Fy (4.12)
supplemented by the constraint, which can be represented as follows
x = Mx =My (4.13)

The equivalence of two forms (4.8) and (4.13) of constraint follows from the fact that
the operator /5 has in this case a trivial kernel.
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Then we introduce the operator & such that 49§ = En. For(4.12) and (4.13) we have
ANy = M‘é@x < Asx. (4.14)

The operator A, = M&% is just the recursion operator which acts in the whole N-
dimensional space (x, ..., x~). Equation (4.14) is compatible with (4.13). However,

A, is not the most general recursion operator which can be defined on the whole
N-dimensional space.

The general form of the recursion operator which acts on the whole N-dimensional
space x = (X1, ..., xn)", A"x(A)=Ax(A) is

A=A+Q®! (4.15)

where 197 (1), ..., IN), Q= (Q,, ..., Qn)T where Q,,..., Qn are arbitrary operators
and ® denotes a tensor product.

Indeed the difference A — A = A should satisfy the condition Ay =0. Since y has
N —1 independent components, the rank of the matrix A is equal to 1. As a result,

taking into account (4.8), we have A, = Q,l, where Q; are arbitrary operators. (4.15)
is proved.

Taking into account that /- M =0, we see that the operator A" has a structure
analogous to (4.15), i.e.

A"= AT+ Q) ®! (4.16)

where Q,, are certain operators.
Therefore, there exists a certain freedom in the construction of the recursion operator
which acts on the whole N-dimensional space.

In our further calculations we will also need the operator A™ adjoint to the operator
A with respect to the bilinear form

o= [ anmem (4.17)
The operator A’ is
AT=Al+T'®Q" where AT=F'¢'M". (4.18)
One also has
(A" = (AD"+T'® Q. (4.19)
The operator M " adjoint to the operator M (4.11) has the following properties:
ExM'=M", M'Ex =E, (M"=M". (4.20)
The operators 4, F', r}, and s, are calculated by formulae
‘§T=‘E Varn—1, 9+=—i Visns (PO =AMl + 50, (m=0,1,..., N).
" " (4.21)
With the use of (4.12) and (4.13) it is not difficult to obtain the operator Ay = SFM
which acts on the subspace of (N — 1)-independent variables x(n) £ (x1, ..., xn-1,0)";
A™Mx(ny=AnX(~) The operator A’y adjoint to the operator A has the form
AN=M'F'G". (4.22)

Note that the recursion operator Ay is defined uniquely.
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5. Backlund-Calogero group

Here we obtain the nonlinear transformations V - V' which corresponds to the transfor-
mations (3.3) of the scattering matrix. For this we must exclude the explicit dependence
on A~ which is contained in (3.7).

Firstly we see that A* is the linear function on A™:

AK(AN)=AN (RN ¥+ R¥, k=0,1,...,N (5.1)

++ ++
where Ry =84, (ik=1,...,N). For the quantities (A*P'® - A*®P), (k=
0,1,..., N—1) in (3.7) we have:

++ +F ++ ++
(A*ANP'D —A* AN D Py =(A*(AWMP' D, — A (AN)D, P). (5.2)
Then one can show from (4.1) that [14]:

k ++
¢)AN P Z_ @k_m(d)AN ° VN—m)A-k

++
=(ANGu+ Fuy) Da AT (k=0,1,...,N=1) (5.3)
where
def K def K
Gxy = Z FiemVN—m g(k) = Zo Skem VN—ms (k=0,1,...,N—=1). (53)
m=0 m=

Let us introduce the column with N components V(x,t) & (Vy(x,1),..
++
Vn-i(x, 1))T and proceed according to (4.10) from &, to x £ (xy,..., x~n)T. By
using the relations A My = Ay, B.(AN, )y = Bu(A, )x, (k=0,1,..., N—1) and also
(4.17), (4.18), (5.1)-(5.3) we obtain for (3.7):

*

_.<N2:] Bk()\ N’ t)(Ak(A N)Pr_PAk(/\N))g(F)>
=<<X(A)(:§ Bi(A', ‘)(WEV’-MLV)» =0 (5.5)

The freedom analogous to that of A’ (4.18) and (A")" (4.19) appears in the
calculation of the operators %} and #} too. These are of the form:

def - def z
Hy = NG+ Floy+1'®Ql), M= AR+ (R +1I'® Q) (5.6)
def

where Q~(k) = (Q(K), cees Q~L<k)), Q(k) (Ql(k), Qz;«'(k)) and ét(k)a ceey ék(k);
Ql(k), ey QN(,() are arbitrary operators and
k k
Gl = mzo VN mlkem» Flro= ZO VN - mSkem- (5.7)
~ e

The variables x,, ..., x~ in (5.5) are not independent and obey the constraint (4.8).
As a result, from the equality (5.5) it follows

Z Bi(AT, ) H V' =M V)~ fF(AT, DTd =0 (5.8)
where B, (A", t), (k=0,1,..., N=1) and f(A’, t) are arbitrary functions complete on

Avand A", %, M} are any operators of the form (4.18), (5.5) and &(x, t) is an arbitrary
scalar function.
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Indeed, it follows from (5.5) that 5= B(A", tNH V' =M V)=2Z" where Z' is
any column for which its adjoint Z obeys the condition Zy =0. It is not difficult to
see that the general form of Z is Z, =f(A™, )@ (x, t)I,, (k=1,..., N) where ¢(x, t)
and f(A™ t) are arbitrary scalar functions. Using A My =Ay, we have Zy.(A)=
o (x, )L (f(A, )x)w Therefore, Zj = (f(A", £)I") ¢ and hence (5.8) is proved.

The relation (5.8) is equivalent to the following

N-1
kZO Bi (A5, t)('?[Zs)k V,_-/”gnk V)-I'¢=0 (5.9)
where Al= F'§'M" and &(x, 1) is an arbitrary scalar function and
e def
%:s)kd;/\ztg:k)“”g:k), Mg = ALRN T+ (R (k=0,1,...,N-1).
(5.10)

Indeed substituting the expression (4.18) for A" into (5.8), using (4.19) and the fact
that M"I" =0, we obtain (5.9).

So (5.9) gives the general form of nonlinear transformations V- V' which corre-
sponds to the transformations (3.3) of the scattering matrix. Now the operators A.,
Hisks Misyx in (5.9) are defined uniquely and all uncertainties connected with the
existence of the constraint (4.8) are contained in the term ['¢ only.

Multiplying the left-hand side of (5.9) by M" and using the relations M'I' =0,
MY (AD = (AN)"M', MH{ = Hiiny, M M, = M~ We obtain

N-1
2 BulA{ny, ) FH ) V' = Miny V) =0 (5.11)
k=0
where
def def N
Hiny = AnGln+ M Fy,, Min) = ANRYNF+ MR-

We emphasise that the whole uncertainty disappears after proceeding from (5.9)
to (5.11). The relation (5.11) is just the same relation between V and V' which can
be obtained from (3.7) by excluding the explicit dependence on A~ with the use of
recursion operator Ay (4.22) which acts in the space of (N — 1)-independent variables
X(N) d——gr(Xl, s s AN 0)".

The system of equations (5.11) due to the special forms of operators A}, i~
and M}, contains N — 1 non-trivial equations. The system (5.9), in contrast, contains
N non-trivial equations.

It is easy to see that the transformations (3.3), (4.31) or (3.3), (5.11) form an Abelian
infinite-dimensional group. We will refer to this group as the Bicklund-Calogero
group (BC group). The BC group acts on the manifold of the scattering matrices
{S(A, 1)} by the formula (3.3) and on the manifold of the potentials { V(x, 1)} by the
formulae (5.9) or (5.11).

Backlund was the first who considered concrete transformations of the type (5.11)
(see e.g. [22]). Calogero constructed the general transformations of the form (5.11)
(for the case N =2 in the gauge V,=0) for the first time [23, 4].

6. Gauge invariance and manifestly gauge-invariant formulation

Let us consider the transformation properties of nonlinear transformations V- V' (5.9)
and (5.11) under the gauge transformations (2.1). Let the quantities F, V and F', V'
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are transformed independently with the different gauge functions g,(x, t) and g,(x, ):

g, - g -
F—- F=G,F, F — F'=G,F,

g, . £, -~
V— V=1(g)V+¥(g), Vi— V' =1(g) V'+ 7(g2) (6.1)
where G, = G(g,), G,= G(g,) and G(g), 7(g), V(g) are defined in § 2.

Let us obtain the transformation laws of the quantities which have appeared in the
++

previous section. From the definition ®(x, 1, A) and (6.1) it follows that

(g,,8) .
d)("”(x LA)—— & "(x, LA)=Gy(x, )P (x, t, A\)GY' (x, 1). (6.2)
++ +
For the columns y d:?f(fbw, oo, ®an)Tand xn & (fb,N, oo, @ vl a0 the law
(6.2) gives
(g,.8) 1 (.80
X—X~= . (gz)X = W(gl, g2)x: Xy — Xony = Enm(g1, 820X~
1

(6.3)

Using the explicit form of the operators [, (4.9), transformation properties V, V'
and m(g, 82) £ (1/8,)G(g2) we get

Z (815 82) = (82/81) by (m=1,2,...,N) (6.4)

where I~k=lk(V, V’), (k=1,..., N). In particular, for m= N from (6.4) we have
In(g2/81) = (g2/ 81
It follows from (6.3) and (6.4) that the constraint (4.8) is the gauge invariant one;

N -~
kZ ldk—— Z I (6.5)
=1

81 k=1

Then the relations y = Mx = M’TTX(N) mx = My~ give the transformation law of
the operator M (see (4.11) and (4.13)):

(2,.8,) o

M—— M=7(g, gz)Mn-"(gl,gz) (6.6)
where M £ M(V, V).

The transformation law of the recursion operator A} under the gauge transforma-
tions is the following

(2,850 ., -
As—— Al =(7"(g1,8)) 'Al7 (g1, £)+ '@ Q' (6.7)
where

def
. "
AL = AUV, VY, Q"=(Ql,...,Qx); Qi,...,Qk
are certain operators uniquely defined by the gauge transformation.
Recursion operator Ay on the contrary to A} has homogeneous transformation law
(8,8} o

AN AN_(7T (81, 82))” AN7T (g1, 82) (6.8)

where Al = AN(V, V'). The relation (6.8) can be proved by using the transformation
law (6.3) and the fact that Ay acts on the subspace of N —1 independent variables
++ ++

XNy = (&)IN’ BN &)N—lNa O)T-
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From (6.8) and relation M'I" =0 it follows that
(AD"=(n"(g), 8)) 7' (AD 7" (g1, &)+ '® QL) (6.9)

where Q{n)=(Q}(n) --+» QNm) and Ql(n), ..., Q(n are certain operators which are
uniquely defined by the gauge transformation.
Using the gauge invariance of the relation
++
—((A*P'= PA*)®) = (x (Ko V' = M V)Y

it is easy to obtain the transformation laws for the quantities (), V'~ #{,,, V and
%L(N)V,—J%;;(N)V:

%zs)k V- /“zs)k V= 7T+(gl: gz)(fﬁs)k 1 j{Zs)k ‘7) + l+(pk,

+ 1 ¥ + 73 (7! ot Y (6‘10)
HinV =MV =1m(g, gz)('%k(N)V _/ﬂk(N)V), (k=0,...,N-1)
where
- def + .~ o~ ~ def + ~ o~
%(s)k = %mk(V, V'), /“(s)k = /“(s)k(V, V)

and so on; ¢k (x, 1), (k=0,1,..., N—1) are certain scalar functions uniquely defined
by the gauge transformation (6.1).

From (6.9) and (6.10) we obtain the transformation laws of the nonlinear transforma-
tions V- V' (5.9) and (5.11) under the gauge transformations (6.1):

N-1
kZ B AL WK V' = M V) - T"
=0

N-1 - . - - - .~ o~
= Wf(gl, g2)( ZO Bk(AL t)(%z.t)k V’-'/%Zs)k V) - 1T¢)a (6'1 l)

N-1
kZO Bi(AN, t)('%;((N) V- '/“L(N) V)

N_l ~ ~ ~ -~ -
= 7T+(g|, gz)( kZ B.(AX, t)(%Ic(N)VI_'/%L(N)V) (6.12)
=0

where the function ¢ can be expressed through ¢, Q', B, and ¢, (k=0,1,..., N—1).
In the case N =2, B,=const and B, = const this expression is given in § 8.

From the form of the relation connecting ® with ®, Q°, By and ¢, (k=0,..., N—-1)
it follows that for a given @ it is always possible to find such a gauge function g,(x, t),
g2-(x, t) to obtain any function ® given in advance. In particular, one can always
convert any ¢ into q§ =0. Therefore the transformations V - V' of the form (5.9) with
the same functions B,, (k=0,1,..., N—1) and different functions & are gauge-
equivalent to each other. Thus, the whole freedom which appears in transformations
V- V' (5.9) is of the pure gauge nature.

Gauge-invariant formulation of the nonlinear transformations V- V’, which corre-
spond to the transformation law (3.5) of the scattering matrix, one can obtain from
(5.11) by using the special gauge transformation from the potentials V, V' to the
invariants W, W’ or equivalently, one can pick out from (5.9) its gauge-invariant
part, this can be done by multiplying (5.9) by M".

Indeed, multiplying (5.9) by M", we get (5.11). Then we make the special gauge
transformations (6.1) from the potentials V, V' to the invariants W, W":

WG VYT, W= VY6 (6.13)



Bdcklund - Calogero group for the spectral problem 1885

where

~— 1 x ! !
gi(x, t)=p7' =exP<7V‘J dx' Viy_i(x', t)):

J. dx' Viy_i(x', t)).

z|-

gAx, 1)=p;'= exp(
Using (6.13) we have

N-1
kZ BilAYy, )N Hiw, W' = My W)
pr}

=(m"(g, g:))" <Z Bk(ANat)(*?{k(N)V’ ‘/%k(N)V)) (6.14)
where
def def
Al = AN(W, W), %k(W) k(N)(W W', -/“k(W) J“k(N)(W w).
(6.15)

So the nonlinear transformations of the Bc group (5.11) can be represented in the
manifestly gauge-invariant form:

N-1
Y B Aw, O Hiw, W = Miwy W) =0. (6.16)
k=0

Now let us pay attention to the fact that the general Backlund-Calogero group,
which was constructed in the previous section, contains as the subgroup the group of
gauge transformations.

Indeed, let us consider, for example, the transformation (5.9) with By=1, B, =0,
(k=1,..., N=1). It has the form V'= V+1'¢ or, in components,

N=k
=(1-o(x, 1) Z,O Cls1Virid' (1= d(x, 1)).

This is the gauge transformation (2.1) with a gauge function g(x, t)=(1—¢(x, ¢))"".

We emphasise that the potentials V, V' in general transformations (5.9) and (5.11)
of Bicklund-Calogero group are transformed under the gauge transformations
independently with the different gauge functions g,(x, t) and g,(x, ?).

7. General form of nonlinear equations

The Bc group constructed in § 5 contains the transformations of various types. Let us
consider its one-parameter subgroup given by the matrices

k=0

Ba,t)y=C(a, )= Nz_l exp(—Jn dsQ, (A", s))fi". (7.1)

It is easy to show that the transformation (3.5) with the matrices B and C of the form
(7.1) is a displacement in time t: S'(A, t) = S(A, t'). The corresponding transformations
(5.9) and (5.11) give, in the explicit form, the time evolution of the potential V: V(x, t) >
V(x, t'). Different evolution laws correspond to different functions Q,(A™, ). An
identity transformation is given by the functions By=1, B,=...=Bx_,=0.
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Here we obtain from the transformations (5.9) the corresponding nonlinear
equations. Let us consider the infinitesimal displacement in time: t>t'=t+ ¢ where
£ 0. In this case

Vix, t'Y=Vix,t+e)=V(x, t)+e(8V(x, t)/5t),
B.(AN, 1)=8, — e (AN, 1), k=0,1,...,N-1 (7.2)
¢(x, 1) =ep(x, 1)

where ¢(x, t) is an arbitrary scalar function. Substituting (7.2) into (5.9) we obtain

N-1

V%1 _ O (L, ) V=TT =0 (7.3)
ot k=1

where L] € ALy o v, Lok = (H o —M{s)i)v=y and the operators AL, i, H{s), are

given by the formulae (4.18), (5.10).

The system of N equations (7.3) is just the general form of the evolution equations
integrable by the problem (1.1) via the inverse scattering transform method. The
transformations (5.9) are the general Bicklund-Calogero transformations for the
equations (7.3). In the case 8B,/3t=0, (k=0,..., N—1) the transformations (5.9)
are the general auto-Backlund transformations for the equations (7.3). The infinite-
dimensional group of auto-Bicklund transformations also contains as a subgroup an
Abelian infinite-dimensional symmetry group of the equations (7.3).

In more details, the properties of evolution equations (7.3) have been considered
in [20].

8. The examples: N =2

The general formulae (4.9), (4.11) give

=-8"=Vio+ ViV, L=-2+V|-V,
1, -nup™!
MT:(O’ 1(02) )’ (81)

(12)“=%eXP<%J (VI—VE))J_ dyexp(—-;"[ (VI-V’l))-

From the formulae (4.18) and (4.21) we have for the operator A}

+=< Vo= (Vo)1) ((aVe) = VoI ()T ()™ )
V=@V TR T, (N @V - i) T AT

For ?[Zs)kV’—Jﬂ(ﬂ)kV, (k=0,1) from (5.7), (5.10) and (8.2) one can obtain the
following expressions

WLWV’—J%L)OV= V- v,

1 X
) (avaexp<—5J (V.—V1)>
Hisn V'= M V = | - L
zrexp(—ij (Vf—v;))+(av;)exp(—5J (vl—w))

(8.2)

. (8.3)
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Let us write out the basic quantities and relation for the gauge transformations.
The formulae (2.1) and (6.3) give

. g./8 (8g2)/ & Vo= Vo+ Vigo(1/g) +gd*(1/g), 8.4)
m (81, 8)= , - (8.
0 g/ & Vi=V,+2gd(1/g).
In the case N =2 there exists only one invariant W, which has the form
Wo=V,—1aV,—3Vi. (8.5)

It was shown in [24] that the Miura and the Gardner transformations [25] are the
gauge transformations. Indeed, the Miura transformation

V,=-1aV,—iV? (8.6)

as it follgws from (8.5) is the gauge transformation from the gauge (V,=0, V) to the
gauge (Vq, V, =0). Let us consider the general linear gauge a,Vo+ a,V,; =0 where ay
and a, are constants. One can introduce the function u(x, r}) such that V,= By,

V, = B,u where B, and 8, are some constants (aoB0+ a8, =0). From (8.5) we obtain
the Gardner transformation

i =(Bo/Bb)u—3(B1/BHau—3(B1/ Bo)u’ (8.7)

as the gauge tfansformation from one general linear gauge (Vo= Bou, V,=B,u) to
another one (Vo= B4, V,= Bid=0) with g;=0.

With the use of (8.3) and (8.4) by the direct calculations one can for the relations
(6.12) the following expressions:

%’L)k V,_'/”;s)k V= 77'*(31, g2)(‘7?2s)k V'—/Zi&)k ‘7) + lt‘Pk: (k=0,1)
where (8.8)

l X
eo=1-g>/81, ‘491:82(3(;)) exP<—%J_m(Vl-VD>'

From (6.4), (8.4) and (8.6) one can show that (6.7) has the form
S + - F
A=(m(g), 82)) ]AZ’”*(gl, g)+ ( f1“> ®(Q}r, Q;) (8.9)
2

where

Q) =-g6(1/gN(I3)7", Ql=g:(3(1/ gD T3~

In the case By(AL, 1) = B,=constant; B,(Al, 1) = B, = constant the relation (6.13) is

k=0 =0,1

Z 1 Bk(%gs)kv’"‘/ﬂzwkv)_l*d’ = 77'?(81, 82)( Z Bk(y?:s)k‘?’_jtgs)k‘?)— I~TC£>
, k

(8.10)

where ﬁg = (¢ — Bogo— B1¢1)(g1/8:) and ¢,, ¢, are given in (8.8).
The nonlinear transformations V- V' of the form (5.9) with the constant B, and
B, are given by the relations

x

, 1
Bo(Vo— Vo) + B(8Vy) CXP("E J

-

(Vi— V’|)>+62¢+ V13¢‘(V6‘ V0)¢=0,
(8.11a)
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Bo(Vi= Vi) + By{ Vit Vo+3(8(Vi+ V) +4(Vi- Vi)

Xexp(—-%J.x (VI—V1)>+28¢—(V’1—V,)¢=O. (8.11b)

—-oC

Let us also present some nonlinear equations integrable by the problem (1.1). From
the invariant part of the system of equations (7.3) we have

oWo/at+8* Wo+6W,aW,=0, Wo=V,—3V,—;Vi. (8.12)

In the gauges (V,, V;=0), (V,=0, V) and (V,=Bou, V,= B u) from (8.12) one
can obtain the kdv, mKdv and Gardner equations respectively

6V0/81+63V0+6V06V0=0, (8.13)
aV,/at+a’V,=3V3iagV, =0, (8.14)
aufat+a*u+6Boudu—3ipiutou=0 (8.15)

Let us return to the transformations (8.11). Putting V; = V| =0 and excluding then
the function ¢ one can obtain the well known Backlund transformation (BT1) [22] for
the kdv equation

230( Vo~ V0)+Bla( V6+ Vo)+B1(V6_ Vo) J‘ (Vé‘ Vo) =0

-0

or (8.16)
3(Vo+ Vo) + (Vo= Vo)[(2Bo/ B —2(Vi+ V) ]V? =0.

By performing an analogous calculation in the gauge V,= V5=0 one can obtain
from (8.11) the relation

x

{0+3(Vi+ VDH3B(Vi+ V) + Bo(Vi = V) +5By(V - V) J

—0o0

(V- Vf)} =0.
From this relation we have the well known BT for the mkdv equation
230( V{ - Vl) + Bla( V; + Vl) '-%Bl( V; - Vl) I (V,lz_ V%) =0.

The integral term in the last equation can be easily excluded and the BT for the mkdv
takes the form

a(Vi+ V) +3(Vi— VI(4Bo/ B’ + (Vi + V)] =0. (8.17)

The function ¢ can be excluded from (8.11) before fixing a gauge. Excluding
¢ after some calculations one can obtain from (8.11)

x

2Bo(Wo— Wo)+ Bio(Wo+ Wo)+ Bi(Wo— Wo) J (Wo— Wo)=0 (8.18)

—C

e.g. the invariant part (6.15) of the transformations (5.9) of the BC group.
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Let us fix the gauge in (8.18) by the following way: (V,=Beu, V,=B,u) and
(Vi=Bou', Vi=p8,u’'). Then from (8.18) we have

Bo( W5 — Wo) +3B,3(Wo+ W) +1B (Wi — Wo) J' (Wo— W)

—a0

= [BO_%BIG_%B%(I“,-‘- u)](Bo(u,_ u7+%Bla(u,+ u)

X

+%Bl(u'—u)J‘ ‘[x [Bo(u'—u) -3 f(u'z—u2)])=0- (8.19)

From (8.19) we obtain the Bdcklund transformation for the Gardner equation (8.15)

zBo(ul— u)+ B,B(u'+ u)

+By(u'—u) r [Bo(u'—u) —3Bi(u? —u*)]=0.

The integral term in this equation can be excluded and, as a result, we get
a(u' +u)+(u' —u)(2By/ B,)? —2By(u' + u) +3B3(u'+ u)?)/*=0. (8.20)

In the mixed gauge (V,, V,=0), (V§=0, V}) from (8.18) we obtain the following
relation after excluding the integral term:

(= Vi—5VIE+ Vo) +(—3(8V)) -4 V- Vy)
x[(2Bo/ B, =2(—2a Vi -1VZ+ Vy)]/*=0. (8.21)

The transformation (8.21), as it is easy to see, is the product of the BT from V, to Vg
(BT (8.16) for the kav) and Miura transformation Vo= —33V| -V}

Analogously, one can prove that the transformation (8.18) in the gauges (V, =0, V)
and (V{, V/=0) is the product of the two transformations: Bt (8.17) for the mkdv
from V, to V) and Miura transformation Vy=—-3V,~3V3 from V, to V}.
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